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Review on Subresultants

Notations

o Mgy where s <t and M; is the i-th column of M
detp M := Zf;é det [Ml e My Mt—i] .
F(x) = fma™ 4 -+ fo where f,,, #0

o G(2) = g™ + -+ + go where g, £ 0
fm fm—l fO
°M1(£12;:
i fm fm-1 - fo (k)X ()
9gn Gn-1 ... g0
ongL:
9n YGn-1 --- 9o

- (m—k)x(m+n—k)
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Review on Subresultants

Definition
The k-th subresultant polynomial of F' and G is defined as
M(P)

Sk(F,G) := detp l;’;
My

Proposition (Equivalent determinant form, Li 06’)

(p)
MF{J’“ -1 =z
We have Si(F,G)=det M((;ID;€ _ where X’Ep):
X]ip) -1 z
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Motivation

@ Extend standard basis to Bernstein basis

@ Develop subresultant formulas for Bernstein polynomials
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Problem Statement

Definition
Let w, = [ws,g(x), ws1(x), ..., ’ws75(l’)]T where
W ol(7E) = (f) (1—2)* " for 0<i<s
Then w; is called the Bernstein basis of Qs[z]. A Bernstein polynomial
of degree s is a linear combination of wy;'s, i.e., Zf:o ciWs ().
Problem

Input: deg(F)=m, deg(G) =n, m>n,and 0 < k <n
F=Y" aiwm,(z) =ao (’g“) 1—2)"2° + -+ am (:)(1 — z)%™
G =3 biwni(@) = by (g) (1—2)"2% + -+ by (Z) (1 - z)%"

Output: Si(F,G) in wi, = [wio(z), wri(z), ..., wag(m)]T
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Related Works on Subresultants for Bernstein Polynomials

e Winkler et al. 00', Sylvester resultant matrix
@ Winkler et al. 00', Companion resultant matrix
o Bini et al. 04’, Bezout resultant matrix

e Wu & Chen 15, Connection between Sylvester and Bézout
resultant matrix

o Winkler et al. 16’, Sylvester subresultant matrix

e Tan & Yang 23', Sylvester subresultant polynomials
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Scaled Bernstein Basis

Definition
G
Let Es(:B)Z[ws,o(a:), ws1(x), ..., ws,s(x)} where

)

Wei(z) = (1 —2)" 2’ for 0<i<s.

)

Then w is called the scaled Bernstein basis of Qs[z]. Moreover, a

scaled Bernstein polynomial of degree s is a linear combination of w, ;'s.
v
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Companion Resultant Matrix

Given P =% pin,i(x) € Q[z] where p, #0, the companion matrix
of P in scaled Bernstein basis is defined as

Cp := E'A

where

1 1 1

1 1 1
E= : . , A= .
1 1 1
_Po  _P1 ... _Pn=2 _Pn-1l 9 _P0  _P1  _p2 ... _Pno1
Pn Pn Pn Pn Pn Pn Pn Pn

Definition

The companion resultant matrix of ' and G in scaled Bernstein basis is

defined as N(F.G) := G(Cp)
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Bézout resultant matrix

Definition

The Bézout resultant matrix of the polynomials F' and G in Bernstein
basis is defined as an m x m matrix B")(F, Q) such that

et [p) o)
T —y

— w!_, () BO(F,G) - wn1(y).

The entries of BY)(F, Q) are:
[ Bz(b) = T,(aibo — aobi) for 1 < ) <m

’ i
2

(0)

o im—1)
W i(m =)

i(m —j)
) m

b .

e B (aibj_ajbi)"r‘ Bi-i-l,j for 1 <i,5<m-—1
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Companion Subresultants of Bernstein Polynomials

Theorem (Main Result)
For k <mn, we have P.N(F.G)
Sk(F,G) =c-det | F V2

UkarlL)),l

where

e o= (Trpa( D)

z —(1—ux)
C Xg:)—1 =
z _(1_:C) (m—1)xm

(@ @ - @) ]
o P = % %o "o
i ® G G nkyxm

(G N G IR Gy
I (") ) G
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Companion Subresultant of Bernstein Polynomials

[OY: ()
o P, =

I (69 I €0 IR (9 | P

(G I ISR ()
o Uy = :

_ (Y e D
Remark:

e P is the matrix such that wy = PyWrn—k—1;

e U}, is the matrix such that wy_; = Uyw,,_o.
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An lllustrative Example

Consider &k = 2 and
1 1 5
(@) = S wan (@) = 5 wa2(z) = ; was(x) — waa(z)

2’(1}4’()
G(z) =4wso(z) —2ws1(z) — 2wz 2(x) — w3 s(x),

1. By calculation, ¢ = 1.
2. Construct Cp.

1100 0100
o110 o010
0011 o001
29236 2235
2 1 4 _ 17

5 5 5 5

2 4 4 1

14 5 5 5 5
Cr=FE"A= 2 4 1 _1
5 5 5 5

_2 4 1 6

L 5 5 5 5
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An lllustrative Example (Cont.d)

3. Compute N(F,G).

N(F,G) = G(CF) =

4. Write down Py, Uy and X"

(

P =

X;E,b) = r _(156_ K —(
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4

2

2

| —4
()

1—2x)

X

6 6 1
—6 3 1
0 -9 -2
6 6 1
1 1
S (ON¢
¢

(1-76)]




An lllustrative Example (Cont.d)

5. Calculate
2 -6 3 1
P,-N(F,G) =
2 0 -9 -2
v _ | —(l—z)+x —(1—2x)
Ua- X3 [ z (—w) e —(1—a)
6. Therefore, by the Main Theorem
P, -N(F,G
So(F,G) =c-det 2 ( (7b) )
Us- X3
2 —6 3 1
2 0 -9 -2
et w4+ —(1—u)
x —(1—-z)+2z —(1—-=x)

=150ws o(z) — 150w 1 (x) — THhws 2(x)
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Bézout Subresultants of Bernstein Polynomials

Corollary

Let B)(F,G) be the Bézout resultant matrix of F and G in Bernstein
basis. Then for k < n,

SL(F,G) = c-det
k(F,G) =c-de 0, x®

m—1

PkDmle(b) (Fv 1)_1B(b)(F7 G)Dm1—1]

where ¢, P, U and Xr(rlz)_l as in the Main Theorem, and

Dot = disg [y 77y 7 D)
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An lllustrative Example

Consider £ = 2 and

F(&) = 2wi0(@) - 3 011(0) = 3 w012(0) = > w3(#) = wa,4(a)

2wa0
G(z) =4wso(z) —2ws1(z) — 2ws 2 (x) — w3 3(x)

1. Recall ¢, Py, Xéb) and U as in the previous example.
2. Construct B®)(F,1) and BO(F,G).

i} ) .
—10 =5 —33 -3 —4 4 -2-2
5 1B 5 2 4-8_2
9 3 3 373
BY(F,1) = 13 5 20 BY(F,G) = 2 13
2 22 B, il
3 39 33 °
2 2 0 3 2
3 -2 11
L 3 _
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An lllustrative Example (Cont.d)

3. Construct Ds.
- -

@
b |
@ 1
i (3).
4. Compute
2—-6 3 1
P,D3BO(F,1)7'BO(F,G)D3 ' = [ ]
20 —-9-2
) _ |7 —(l-z)+z —-(1-2x)
Uz X37 = x —(1-z)+z —(1—2)
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An lllustrative Example (Cont.d)

5. By the Corollary

P,DsB(F, 1) 'B(F,G)D3!
SQ(F,G):c-det 2473 ( ) ) ( aG) 3

X
2 —6 3 1
0 -9 —2
= det (—a)+a (1 —a)
x —(1—-2)+= —(1—2x)

= 15011)270(%) — 150202,1(113) - 75202,2(%)
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Subresultants in roots in standard basis

Lemma (Hong et al. 99’)

We have [xm—k—l(a) G(a)]
det
S — ¢ zp1(a) (x — )
R det &,,—1 ()

where

e a=(ay,...,qm), and ay ,..., o, are the roots of F'

°o T, — [xo, zt, ..., :zi]T

1T

o z;(aj) = [049, ajl, —

o zi(a) = [®i(an), ..., @i(am)]

o G(a) =diag [G(a1), ..., G(am)]

° w—azdiag[x—al, e x—am]
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An lllustrative Example

Consider £ = 2 and

F(x) = fax* + fz23 + for® + frz’ + foa®
G(z) = g3 + g22® + g1z’ + goa°
Let a1 ,..., a4 be the roots of F'. Then

aG(ar) aGlaz a3G(az) a3G (o)

)
aiG(a1) 3G () a3Glaz) a;Glay)

det
af(z—a1) a3z —a2) oJ(xz—as) af(r—as)
1 1 1 0

al(z—a1) og(z—a2) az(z—oa3) ai(z— o)
S2(F,G) = fa- 00 0 0
a; Gy a3 Oy
11 1
a7 Qo a3 Qg
102 o ol o
3 3 3 3
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Derivation

Step 1. Deduce the equivalent expression in terms of roots in scaled
Bernstein basis.

Lemma (Subresultants in roots in scaled Bernstein basis )

We have " [wm_k_l(a)G(a)]
w1 (a)(z — )
Sk(F,G) =c- et T alle)
where
° El(a) = [wi(al), ) 'wl(am)]
- T
o w;(aj;) = [wz o(aj), y Wi z(aj)] /
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An lllustrative Example

Consider £ = 2 and

F(z) = agwao(z) + arwy,1(x) + acwa 2(x) + agwa 3(x) + aswa 4(z)
G(x) = b0w370(a?) + b1w371(x) + b2w3,2(l‘) + b3w3,3(1‘)

Let a1 ,..., a4 be the roots of F'. Then

w1,0(1)G(a1)  wi0(a2)G(a2)  wWi0(a3)G(ag) wi0(ag
E1,1(041)6‘(011) E1,1(012)6‘(0&2) E171(a3)G(a3) E171(a4
w1,0(a1)(x — a1) wi,0(e2)(x — az2) wi,0(a3)(x — a3) wi,0(w4)
wy,1(a1)(z — ar) wi,1(e2)(z — az2) Wi,1(as3)(z — a3) Wi1,1(aq)

$2(F.G) = fa- w3,0(e1) wW3,0(a2) W3,0(x3) W3,0 oy)
det ig
4)

T — ayq)
T — ayg)

A~

G(a) ]
G(aa)

w3,1 (1)  w3,1(a2) (as)
w32(a1) w32(o2) w3 2(a3z) W32
) ) ws3(az) W

w3 3(a1) wW3,3(2
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Derivation

Step 2. Prove that the companion subresultants are equivalent to the
subresultants in roots in scaled Bernstein basis:

ot [wmkl(a)G(a)]

P.N(F,G) w1 (a)(z — )

det
‘ Uer(rlz))—l

det wy,—1 ()

Step 3. Using the connection between N (F,G) and BY)(F, G), we
deduce k-th Bézout subresultant

BY(F,G)=BY(F,1)D,! \N(F,G)D,, 1
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Conclusion

Summary

Provide two types of subresultant formulas for Bernstein polynomials
(1) Companion subresultant

(2) Bézout subresultant

Future work

(1) Computation: e.g., develop fast algorithms

(2) Application: e.g., intersections of two Bezier curves

(3) Generalization: e.g., multiple polynomials and multivariate cases
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Thank you for your attention!
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