Problem Method Algorithm & Example Summary
0000000000000 00000000 00 000

Improving Angular Speed Uniformity
by Piecewise Radical Reparameterization

Jing Yang
SMS — School of Mathematics and Physics
Guangxi Minzu University

Joint work with Hoon Hong & Dongming Wang

ADG 2023, September 20-22, 2023

Jing Yang (GXMZU) ADG 2023, Belgrade 1/31



Problem Method Algorithm & Example Summary
0000000000000 00000000 (e]e) 000

Outline

Problem

Jing Yang (GXMZU) ADG 2023, Belgrade 2/31



Problem

Method
©000000000000

Algorithm & Example Summary
00000000 (e]e)

[e]e]e}

Intuition: How to Drive through A Corner?

“ot0s00008°”

Jing Yang (GXMZU)

ADG 2023, Belgrade 3/31



Problem Method Algorithm & Example Summary
©000000000000 00000000 oo 000

Intuition: How to Drive through A Corner?

Sos, ooo®

Keep the angular speed as a constant!
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Angular Speed Uniformity

 Consider a parameterization p = (x,y) : [0,1] — R?

’x/y// _ x//yll 1 1
Wp = ‘9;,‘ = ——5 > Mp= 0 wp dt, O'I% = i (wp () —,up)2dt J

x/2 _|_ y12

Summary
000

e Angular Speed Uniformity

7 i #0;
u, = 1+01%/H§ g
1, if 1, = 0.
e u, €(0,1]; u, = 1 & w, = constant

 u, can measure the goodness of p.

Jing Yang (GXMZU) ADG 2023, Belgrade
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Examples: Angular Speed Uniformity
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Arc-angle Parameterization

e When u, = 1, p is called an arc-angle parameterization.

e.g. p = (cost,sint) is an arc-angle parameterization.

e How to compute the arc-angle reparameterization p* of p?

Answer. Proper parameter transformation r,: p* =por,

e r: [0,1] — [0,1] is called a proper parameter transformation if
C1. r(0)=0,r(1)=1;
C2. forall s € [0,1], ¥(s) > 0.

Jing Yang (GXMZU) ADG 2023, Belgrade 6/31
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Arc-angle Reparameterization

Problem A
Given: p € Q(1)%.
Find:  a proper parameter transformation r,(s) such that p o r, is an

arc-angle parameterization.

Let

)= [ wployas

Hp
_ —1 _ . . .
and r, =, . Then u,.,, = 1, i.e. por, is an arc-angle reparameteriza-

tion of p.

e 1, is called a uniformizing parameter transformation.

Jing Yang (GXMZU) ADG 2023, Belgrade 7/31
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Rational Approximation of Arc-angle
Reparameterization

Q: Is arc-angle parameterization rational?
A: The answer is "No" except for straight lines. J

Problem B

Given: p € Q(1)%.

Find: arational p* such that u,- = 1 or equivalently a rational r such
that u,., = 1.

Jing Yang (GXMZU) ADG 2023, Belgrade 8/31
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Rational Approximation of Arc-angle
Reparameterization

e Approach: piecewise rational functions of low degree

e.g. piecewise Mdbius transformation

¢ Related Work:
Patterson & Bajaj ‘89, Kosters '91, Yang et al. '12 & ’13

e Drawback: only valid for curves without inflation points
i.e. wy(t) # 0forvr e [0,1]

Jing Yang (GXMZU) ADG 2023, Belgrade 9/31



Problem Method Algorithm & Example Summary
0000000800000 00000000 oo 000

Difficulty

® Upor =1= Wpor = Hpor = Hp

/

Wpor = (Wpor) -7

If wy () =0, wp 07(5) =0 A wper(5) #0 = r(5) = +o0

r(s) (0 < s < 1) is continuous and rational = /(s) bounded x

Alternative Choice: Piecewise Radical Transformation

Jing Yang (GXMZU) ADG 2023, Belgrade 10/31
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Notations

o [ Xi(t) Xa(2)
'p@‘{ww’wo

. XX - X0X0)
g X3 (1) +X3(1)

} where ged(X;, X, W) =1

e Multiplicity of #; in w,: p; =mult(w,, %)

F(1) = X{()Xa2(t) = X5(0X1 (1) = TTisy (0 — )" - C(0)

Jing Yang (GXMZU) ADG 2023, Belgrade 11/31
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Notations
Let T = (t9,...,tn),S = (s0,...,sn) be such that
e 0=fH< - <ty=1,0=5< - <sy=1;
e either w,(1;) or w[',(ti) is zero for 0 < i < N;
e the multiplicity of # in w), is 1;

e wy(t) #O0forallr e (1, ti41).

Jing Yang (GXMZU) ADG 2023, Belgrade
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Piecewise Radical Transformation

We call ¢ an elementary piecewise radical transformation associated
to p if

p(s) =19 wils), it s € [si,8i41];
where
t; + At "3, if wy(t;) = 0;
PilS) =\ f4 An(1 — #HRYT=3), i wptigr) = 0;
ti + At -3, otherwise.

and At; = tiv1 —t, As; = Si+1 — Sj, s = (S = S,‘)/AS,‘.

Jing Yang (GXMZU) ADG 2023, Belgrade 13/31
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Let Z = (z9,...,zy) and a = (ay, . .., ay—1) be such that
0=z < - <zy =1, O0<ag,...ay_1 <1

and p, S be as given before. Then m is called a piecewise Mdbius
transformation associated to p if m is of the form:

m@) =4 m@), i z€ bl

where -
(1 — )z

(1—-o)z+ai(1-72)

and Az; = zi11 — zi, As; = sip1 — s, 2= (2 — z)/ Az

m,-(z) = 8; + AS,‘ 0

Jing Yang (GXMZU) ADG 2023, Belgrade 14/31
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Piecewise Radical Reparameterization

Problem C
Given: p € Q(r)%.
Find: ¢, m over [0, 1] such that

® Upowom =1

® Yz € [0, 1], Wpopom(z) # 0.

Jing Yang (GXMZU) ADG 2023, Belgrade 15/31
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Property of ¢(s) (1)

o Letr=pi(s)and = (t —1)/As;. Then

Hit/3, if wy(t;) = 0;
1= 1 — #Hy/1 -3, if wp(li+1) =0;
5, otherwise.

* ¢(s) with C° continuity while ¢/(s) discontinuous

* Wpoo(s) discontinuous at s = s;

Jing Yang (GXMZU) ADG 2023, Belgrade 17 /31
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Property of ¢(s) (2)

® wpoy(s) # 0 for Vs € [0, 1]

Consider p = (1,1%).
61t
T 9A
e t = 01is a zero of w, with multiplicity 1

o T=10,1],5 = [0, 1]
Construct p(s) = +/s. It follows that

Wpop () = (wp 0 9)(5) - #'(5) = 9?2\131 ' 2:/5 N 9s23+ 1

Jing Yang (GXMZU) ADG 2023, Belgrade 18/31
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Choice of T
Properties of ¢! Properties of r;l
(¢ = ¢r5.0) (' = Jowr (M dv/mp)
e 0)=0, 07" (1) =1, (0)=0, (1) =1

(e~ 1)(r) > 0 over [0,1] | (r,')(r) > 0 over [0, 1]

(1) (1) is monotonic | If w,(1;)w, (1) = 0, then (r,1)'(2)
over [f;, tiy1] is monotonic over [t;, ;1]

Choose T = [0,...,t;,..., 1] s.t. wp(ti)w, () = 0

Jing Yang (GXMZU) ADG 2023, Belgrade 19/31
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Determination of S

The uniformity u,.,, reaches the maximum when
5= sF = Z;c_:l() Ly
Y VL
where
wy (1)
A et —dz if ) = 0;
\ft /'I/k L l)t'u'k wp( k) )
2
L, = t w, (1) .
Aty [ Po dr if tir1) = 0;
ey (k1 + 1) (1 — p)Het wplhert) =0
| A [ wp(e) otherwise.
Jing Yang (GXMZU) ADG 2023, Belgrade
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Determination of « and Z

Summary
000

Let ¢ be such that w,(s) # 0 over [0, 1] and m be a piecewise Mébius
transformation determined by S, Z and a. For given S, u,.,, reaches the

maximum when

. 1 * im0 VMK
ai:ai:l-l— /—Ci/Aia G =2% = 2’;01 M
where
Si+1 Si+1
A= / wf{ (1 = 3)2ds, B; = / wé -25(1 — 3)ds,
Si Si
C;, = /Sl+l wé - 5%ds,
5i

M = Asy (2\/Aka +Bk> .

Jing Yang (GXMZU)

ADG 2023, Belgrade
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Express A;, B; and C; via p (1)

Ati ftH_l w]%(t)
As; (/Li + 1);/“
Atl J"IH.] w[%(t)

Asi 7 iy + 1
At;
AS[
Atl it w[%(t)
Asi fl" Wi + 1
Atl fti+1 w[%(t)

AN R
At
Asi

(1 — 24, if w(r;) = 0;

(1 =12, if w(tit1) = 0;

f:‘+1 w;(t) . (1 _ ;)Zdt7 otherwise;

228(1 — it dy, if w(t;) =0;

20— (1 =1 —Ddt, fw(tig) =0;

ftfm W2(1) - (1 —7)dr, otherwise;

Jing Yang (GXMZU) ADG 2023, Belgrade 22/31
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Express A;, B; and C; via p (2)

Ay, RO .
i+l _ 7 th+2dt f 1) = 0:

ASi ft,' //Jl' +1 } | W( ) )
At w (1) ~

Ci = 1 tit1 P _ . 1 _ 1 -7 Mi+1+1 Zdt |f t: — 0
Asi 7 (i + 1) (1 — 7)rie 1= ) [t it w(tiv1) = 0;
At ~ .
Ay St wi(e) - (1 =1, otherwise.

Jing Yang (GXMZU) ADG 2023, Belgrade 23 /31
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Express A;, B; and C; via p (2)

Ay, RO .
i+l _ 7 th+2dt f 1) = 0:

ASi j;‘,' 'ui +1 } | W( ) )
At w (1) ~

Ci = 1 tit1 P _ . 1 _ 1 -7 MH»I"‘I Zdt |f t: — 0
Asi 7 (i + 1) (1 — 7)rie 1= ) [t it w(tiv1) = 0;
At ~ .
As, St wi(e) - (1 =1, otherwise.

Challenge: Numerical Instability

Jing Yang (GXMZU) ADG 2023, Belgrade 23 /31
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Express A;, B; and C; via p (2)

(Al ., wi(t) .
F; f;m M'P_{(_ )1 ,tui+2dt, if w(t,-) = 0;
4 4
c =1 At .y wﬁ(t) N 112 g,
=\ B R Gt [ e P () =0
1 1
Aty o ~ :
Asl~ W2 (n) - (1= 1), otherwise.
l
Challenge: Numerical Instability (appearing in L; too)
wz(l‘) .
At; ft,m o +71) - dt if w,(t;) =0;
4
L= 4 w, (1) ;
Ay [ P _ dr if tiy1) = 0;
' (Hit1 + 1)(1 = 1)k wp(tit1) = 0;
At [ wi(1) dt, otherwise.

Jing Yang (GXMZU) ADG 2023, Belgrade 23 /31
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Instability Solution
e t =~ is a zero of wy,(r) with multiplicity 4; and v = 1;
. wﬁ(t) = G/H and mult(G,~) > w;

* G(1) = (t=7)"0(t,7) + R(1,7) = R(1,7) =0

: 2
L =Adit! / i wp (1) dt
Yoy () )
L ATt o, 1) g
i + 1 ti H(t) .
L: o (_1>MiAtﬁ—lT1 f Q(ta ti) dt
o Wi + 1 ti—1 H(t) '

Jing Yang (GXMZU) ADG 2023, Belgrade 24 /31
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Algorithm: Piecewise Radical Reparameterization

Input: p

Output: r, a piecewise radical transformation of p such that u,., > u,

1. Compute T by solving w,(t)w,(t) = 0.
2. Compute S, Z and a which globally minimize u.,.
3. Construct ¢ with 7, S and m with S, Z, a.

4. r<ypom.
5

Return r.

Jing Yang (GXMZU) ADG 2023, Belgrade 26 /31
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Example: Cubic Curve p = (¢,£%)

0 02 04 06 ] 1

Originai param Radical }eparam Angular ,speed

Jing Yang (GXMZU) ADG 2023, Belgrade 27 /31
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Summary

¢ Propose the concept of piecewise radical transformation
e Prove wy.,(s) # 0 for Vs € [0, 1]

¢ Design an algorithm for computing a radical reparameterization

with uniformity close to 1

Jing Yang (GXMZU) ADG 2023, Belgrade 29/31
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Future Work

 Search for other efficient parameter transformations to make w,-

continuous

e Generalize the framework for improving the angular speed
uniformity of parametric curves to surfaces or real varieties of

higher dimension

Jing Yang (GXMZU) ADG 2023, Belgrade 30/31



Problem Method Algorithm & Example Summary
0000000000000 00000000 (e]e) ooe

Thank you!

Jing Yang (GXMZU) ADG 2023, Belgrade 31/31
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