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Main issues I met with students

Mathematical issues

 Algebraic translation of geometry (e.g., Cartesian coordinates, polynomials)

 Symbolic computation (CAS)

 Constraint-based reasoning

Educational challenges

➢ Undergraduates: a weak CAS-DGS literacy (if any)

➢ Graduate student: some CAS-DGS literacy but generally no background to 

understand the algebraic methods provided by the CAS

➢ Which software is available: general policy of the institution  (see Artigue 

2002)
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Educational frames

 Teacher training college:

 One term course for undergraduates 

 One term course for graduate students

 Of course, the mathematical contents are different, with a non empty intersection

 Includes some creative work (in a STEAM approach) 

 Excellency program at JCT:

 A student works as a collaborator of a researcher

 A large part of self-teaching (maths and technology)

 A paper already published
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A special case – a student entering research

 The framework: JCT excellency program 

 The student’s background: 

 Started 2nd undergraduate year in engineering (CS)

 Some literacy with mathematical software

 A strong interest in learning and experimenting

 Able to show initiatives

 The achievements:

 New knowledge in maths: Polynomial rings, Gröbner bases, Envelopes, Offsets 

 Technological literacy: GGB, GGB-D and Maple

  Developed a dialog with researchers (among them Zoltan K.) 
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What I can describe

 Three “experiments” at different paces:

 The “excellent student” worked at his own pace (partly imposed by JCT, I am 

not so demanding)

 He learnt, and then “produced novelties”

 Two classes of in-service teachers learning towards a 2nd degree M.Ed.

 In 2024-2025, two classes in a teacher training college:

 Fall term – 13 weeks. Each week a 2-hour online meeting (2 of them were face-2-

face in class):  22 ladies – strong motivation and achievements

 Spring term: Concentrated in 3 weeks, only once face-2-face in class, the main 

part online: 5 men.  Strong motivation, weaker achievements.
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Envelopes of 
1-parameter 
families of 
plane curves
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Envelopes - Synthetic-limit definition

Let {Ck} be a family of plane curves. The characteristic Mk is 

the limit of the intersection of  Ck+h with Ck when h ->0 . The 

union of the characteristics is called an envelope of the 
family {Ck} .
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Not easy to apply

Implies the analytic definition



Envelopes – Impredicative definition

E is a curve with the property that at each of its points, it 
is tangent to a unique curve from the family {Ck} . (Also, E 

should touch each Ck )

Plot obtained with Derive 6.1
Can be done with GeoGebra (we 

suggest to define a slider increment 

enabling to view separate lines)
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Th. DP and N. Zehavi (2016): Revival of a 
classical topic in Differential Geometry: the 
exploration of envelopes in a computerized 
environment, International Journal of 
Mathematical Education in Science and 
Technology 47(6), 938-959. 



Interactive exploration – 1st examples

With Plot2DWith the Envelope command
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GeoGebra’s Envelope command
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Suitable for 

“industrial” 

applications. 

How to 

translate into a 

computational 

frame?



Variable radius:

Singularities  

may appear

Singular points: Plot2D 

completes and 

emphasizes
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Envelopes – Analytic definition

Let {Ck} be a family of plane curves given by the equation F(x,y,k)=0, where k is a 
real parameter. An envelope E of this family, if it exists, is determined by the 
solutions of the system of equations:

Solving the system of equations with a CAS provides a parametric 
representation.

Not always easy: Implicitization is performed with a CAS (Maple’s 
PolynomilaIIdeal package, CoCoA, Groebner bases package in another CAS)
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Offsets of a plane curve

(Euler’s Parallel curves)
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Offsets

Let C be a plane curve and d be a positive real number. A regular point A of C is a point 

where C is smooth, i.e. tangents vectors and normal vectors are defined. 

If A is a regular point, we denote by         a unit vector normal to C at A. 

Let B be a point such that                     and C a point such that 

The union of the geometric loci of B and C when A runs over C  is called the offset of C at 

distance d.

The curve C is called the progenitor of the offsets.
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Offsets

Let C be a plane curve and d be a positive real number. A regular point A 

of C is a point where C is smooth, i.e. tangents vectors and normal vectors 

are defined. 

If A is a regular point, we denote by         a unit vector normal to C at A. 

Let B be a point such that                     and C a point such that 

The union of the geometric loci of B and C when A runs over C  is called 

the offset of C at distance d.

The curve C is called the progenitor of the offsets.
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Interactive creation of 

an offset
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Used commands:

 Point on object

 Tangent

 Perpendicular line

 Circle with given radius

 Intersection

 Locus (Point, Point)

 Plot2D

Note that the locus plot is not 

complete

Offsets of a 

Bernoulli 

lemniscate

Envelope of circles 

centered on an ellipse

And offsets of this 

ellipse



Offsets of a deltoid

 Parametric presentation of a deltoid:

 Polynomial equation of the envelope of unit circles centered on the deltoid: 

Is this polynomial 

reducible?

Tools:

• GGB-CAS: 

Factor

• Maple:

Evala(AFactor)
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Envelope of unit circles centered on a deltoid

 It is incomplete, i.e. there are 

apparent singularities. This is not a 

surprise, as the progenitor has 

singularities, and we already 

mentioned that the offset has 

generally a more complicated 

topology than the progenitor.

Dana-Picard, Th., Kovács, Z. (2021): Networking of technologies: a dialog between CAS and DGS, The 

electronic Journal of Mathematics and Technology (eJMT), 15 (1), 43-59. 

https://php.radford.edu/~ejmt/deliveryBoy.php?paper=eJMT_v15n1p3. 
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https://php.radford.edu/~ejmt/deliveryBoy.php?paper=eJMT_v15n1p3


Envelope of unit circles centered on a deltoid

 (ii) There are 3 circles centered at the 

cusps of the deltoid who contribute 

arcs to the envelope (actually semi-

circles, what has to be algebraically 

proven). These circles are not a part of 

curves defined by the polynomial  F(x, 

y). The obtained envelope 

corresponds to another definition of 

envelopes; it fits what is needed for 

safety zones around industrial robots 

or entertainment parks.

Dana-Picard, Th., Kovács, Z. (2021): Networking of technologies: a dialog between CAS and DGS, The 

electronic Journal of Mathematics and Technology (eJMT), 15 (1), 43-59. 

https://php.radford.edu/~ejmt/deliveryBoy.php?paper=eJMT_v15n1p3. 
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Envelope of unit circles centered on a deltoid

 (iii) The "holes" in the plot are larger 

than in the previous example. They 

are fllled (and the singular points are 

emphasized) when using Plot2D.
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Envelopes of circles of constant radius 

and offsets – a comparison

Envelope of the family of unit circles 

centered on a deltoid
Offset at distance 1 of a deltoid
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GeoGebra’s loci (numerous) commands 22



Dynamic exploration with GeoGebra

commands: envelope - locus

Envelope

Plot2D
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Irrelevant 

components 

may appear, 

for topological 

reasons; they 

cannot be 

separated by 

algebraic 

means, but 

with the 

dynamical 

geometry 



Example: offsets of a kiss curve 
(part of the work of the “excellent student”)
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Interactive comparison of an 

envelope and an offset

(GeoGebra Discovery)

Plot with Maple

(enhancing cusps)



Issues requiring strong algebraic abilities

 Solve the system of polynomial equations (determination of an 

envelope)

 Solve equations – provides a set of parametric representations, i.e. the 

curve is presented as the union of several components. Continuity 

problems may appear in the plot

 Implicitization -  elimination of  a parameter for the determination of a 

geometric locus

 Determination of singular points of the obtained curve
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Issues requiring strong algebraic abilities

 Solve the system of polynomial equations (determination of an envelope)

 Solve equations – elimination of  a parameter for the determination of a geometric 

locus

 Implicitization (with Elimination, or with Maple’s implicitize command – requires an 

initial guess on the degree) 

 Determination of singular points of the obtained curve
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Looking for singular points

Their nature

 Self-intersections (crunodes)

 Cusps

 Etc…

The representations of the curves

 Symbolic equation (polynomials)

 Parametric representation
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Maple code for cusps
28



The output – determining cusps 
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Maple curve – cusps (using curvature)
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The 

output

TDP - ADG 2025 - Stuttgart, Germany
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Maple code for self-intersections
32



Self 

intersections 

– the output

TDP - ADG 2025 - Stuttgart, Germany
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Th. DP and D. Tsirkin (2025): Envelopes of Circles Centred on a Kiss Curve, to 

appear in Maple Transactions. 



Experiencing with AI (not with the classes)

 Answers:

 Gives generally an accurate description of the process

 An accurate answer to a 1st question (the parabola obtained with the family of 
lines above – published by DMZ)

 An accurate description and a wrong answer to a 2nd question (published in the 
same paper)

 A wrong answer on an envelope of a family of circles of constant radius centered 
on an ellipse: claims that it is an envelope, and gives an equation.

 Can help to improve code, not always

 The experimentation has been conducted a couple of months ago. We saw 
some improvement since a previous one. Maybe today the situation is again 
better.

34



Educational remarks

Regular students

 In the teacher training college (Jerusalem 
Michlala College): The in-service teachers told 
their dpt head that this was the most significant 
course in their degree

 They discovered both a new point of view and 
new topics in math and technology (actually 
an implementation of Artigue’s claim, 2002)

 They experienced “exploration-conjecture-
proof” sequences.

 They understand that the future of Math Educ 
is in a technology rich environment

 @ JCT: at the dpt head initiative, and with 
rector’s authorization, a new such course will 
be opened for engineering undergraduates at 
JCT in Fall 2025.

A student as a research 

assistant

 Autonomous work

 The researcher is a mentor

 The researcher does not provide 
scaffolding, but rather a 
collaborative atmosphere

 The student can propose 
directions and methods

 It is possible to observe his 
instrumental genesis

 Direct contact with software 
developers has been developed
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Thank you for your attention

Merci pour votre attention

Vielen Dank für Ihre Aufmerksamkeit

Хвала вам за вашу пажњу
Obrigado pela sua atenção

תודה על ההקשבה
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