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Abstract

We compare three different options to define geometric difficulty
Cg of geometry problems.
By computing correlation between the achieved values and the
algebraic complexity Ca , and, alternatively, ad-hoc human intuition
Ch , we confirm that our former definition seems acceptable.



Why is this interesting?
▶ Ranking geometry theorems→Wos’ Research Problem 31

(1988): What properties can be identified to permit an
automated reasoning program to find new and interesting
theorems, as opposed to proving conjectured theorems?
Also studied e.g. by Colton, Bundy and Walsh; Puzis, Gao
and Sutcliffe; Gao, Goto and Cheng; Gao, Li and Cheng; and
Quaresma, Graziani and Nicoletti.

▶ Abar and de Almeida: research among university students to
learn their personal opinions on geometric difficulty,
classifying complexity before and after attempting to actually
prove the statements.

▶ Algebraic complexity may be different from human perception
and geometric complexities→ a good measure that works in
general? Having such a measure would help to classify
problem setting in classroom situations, exams, or
mathematics contests.

▶ Generating new geometry problems→
automated estimation of complexity.



Possible definitions of complexity
Algebraic, Z.K., T. Recio and M. P. Vélez, 2023

Let C be a geometric construction with hypotheses H1, H2, . . . , Hr

and thesis T . Prove the statement

H1 ∧ H2 ∧ . . . ∧ Hr ⇒ T

by considering an algebraic proof

1 = f1h1 + f2h2 + . . .+ frhr + fr+1 · (zt − 1)

of the statement, where h1, h2, . . . , hr are algebraic translations of
hypotheses H1, H2, . . . , Hr , and t is an algebraic translation of
thesis T . Then, the algebraic complexity Ca of the statement is the
maximal degree of fr , that is

Ca :=
r+1
max
i=1

deg fi .



Possible definitions of complexity
Geometric, S. Bartha, A.K., Z.K. and T. Recio, 2024

Let C be a geometric construction with hypotheses H1, H2, . . . , Hr

and thesis T . Prove the statement

H1 ∧ H2 ∧ . . . ∧ Hr ⇒ T

by using the Geometric Deductive Database method (GDD) in
Java Geometry Expert and consider the number of steps of the
proofs, exported as a directed acyclic graph in GraphViz format.
Then, the geometric complexity Cg of the statement is the number
of steps (technically, the number of lines) in the output.



Possible definitions of complexity
Geometric (3 variations), A.K., Z.K., present contribution

Let C be a geometric construction with hypotheses H1, H2, . . . , Hr

and thesis T . Prove the statement

H1 ∧ H2 ∧ . . . ∧ Hr ⇒ T

by using the Geometric Deductive Database method (GDD) in
Java Geometry Expert and consider the following:
▶ longest directed path (“Ldp”),
▶ number of vertices (“#v”),
▶ number of edges (“#e”)

of the obtained directed acyclic graph.



A simple example
Medians of a triangle intersect each other in one point, algebraic complexity (GD), Ca = 2



A simple example
Medians of a triangle intersect each other in one point (JGEX)



A simple example
Medians of a triangle intersect each other in one point, geometric complexities

Cg = 43
Ldp = 7
#v = 13
#e = 14



A simple example
Computing Cg by counting the lines of the GraphViz output for the GDD proof



A simple example
Computing Cg by counting the lines of the GraphViz output for the GDD proof



A simple example
Computing Cg by counting the lines of the GraphViz output for the GDD proof



Setting up a database of geometric constructions
Database of GeoGebra files, joint work with Soma Bartha, June 2024, Linz, Austria



Setting up a database of geometric constructions
Discussion, joint work with Tomás Recio, February 2025, Madrid, Spain



Setting up a database of geometric constructions
Joint work with S. Bartha and T. Recio, published in May 2025



Setting up a database of geometric constructions
Joint work with S. Bartha and T. Recio, published in May 2025



Comparison of difficulty of 14 classroom problems

Theorem Ca Cg Ch Ldp #v #e
Thales’ � thm 4 13 2.1 2 4 3
Converse of Thales’ � thm 4 13 2.1 1 3 2
Midline thm 2 10 1 3 2
Intercept thm 7 8 3.4 1 2 1
Theorem of inscr. ∠ in a � 7 3.2 1 2 1
∠ of cyclic quadrilaterals 3.2 1 2 1
Rel. betw. inscr. ∠ and ∠ at the ⊙ 3.2 2 5 4
Tangent-secant thm 6 16 3.8 3 5 4
Wallace-Simson thm 16 53 4.8 8 20 19
Euler’s line 7 120 5.4 11 34 46
9-point � 18 94 5 5 23 32
Circumcenter of a △ 2 25 3 9 8
Barycenter of a △ 5 43 5 9 10
Apollonius’ thm 7 3.2 5 12 11



Results of the questionnaire
Ch is taken as the average of the answers (line 13), stddev is shown in line 14



A.K.’s classmates
Some of them participated in filling in a questionnaire



Correlation computations

Cg Ch Ldp #v #e
Ca 0.58 0.71 0.47 0.57 0.54
Cg 0.84 0.88 0.98 0.99
Ch 0.81 0.86 0.85

Ldp 0.94 0.90
#v 0.99

The correlation computation was performed via Pearson’s
correlation formula for samples,

rxy =

∑n
i=1(xi − x̄)(yi − ȳ)√∑n

i=1(xi − x̄)2
√∑n

i=1(yi − ȳ)2

where n is the sample size, and xi and yi are the individual sample
points indexed with i, 1 ≤ i ≤ n, moreover, x̄ = 1

n
∑n

i=1 xi is the
mean for sample points x1, . . . , xn, the same for ȳ, respectively.



Conclusion and future work

▶ Cg ∼ Ca is the closest geometric complexity.
▶ #v and #e are very close to Cg.
▶ Ch is, surprisingly, between Ca and Cg.
▶ Both the amount of theorems and the number of participants

in the questionnaire are quite low. The research should be
therefore repeated
▶ in the same school, in different classes of young learners,
▶ in other Hungarian schools, in special math program classes,
▶ in other countries,

to work on a larger dataset.
▶ Ca could be defined differently, e.g. by taking the maximal

number of terms in the fi in the formula

1 = f1h1 + f2h2 + . . .+ frhr + fr+1 · (zt − 1).



THANK YOU!
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Java Geometry Expert: Visualizing proofs as a directed acyclic graph, Feb. 2025.
Presentation at I Workshop IAxEM, 20 February 2025, Universidad Nebrija, Madrid.
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